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ABSTRACT. In quantum information processing, using a receiver device to dierentiate between two nonorthog-
onal states leads to a quantum error probability. The minimum possible error is known as the Helstrom bound.
In this work we study and compare quantum limits for states which generalize the Glauber-Sudarshan coherent
states, like non-linear, Perelomov, Barut-Girardello, and (modified) Susskind-Glogower coherent states. For some
of these, we show that the Helstrom bound can be significantly lowered and even vanish in specific regimes.
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1. INTRODUCTION
In quantum information processing, quantumoperations represent communication channels while quantum
states are the information carriers. The sender encodes information into a state ρ which pertains to an alphabet
A = {ρ0, ρ1, . . . , ρM }. To find out which state was sent, the receiver carries out a measurement. When the
transmitted states are not orthogonal, errors are possible and a nonzero probability exists that the receiver
misconstrues the transmitted information (see [Holevo 1973] [Peres 1995] [Fuchs 1996] [Holevo 2011] and
references therein). Note that the impossibility of dierentiating between nonorthogonal states represents an
advantage when dealing with quantum key distribution [Bennet&Brassard 1984]. In fact, using a nonorthog-
onal alphabet implies that any measurement disturbs the state and thus allows to impede an eavesdropper from
obtaining information without being noticed. Moreover, as shown by Fuchs [Fuchs 1996], in some setups,
nonorthogonality actually maximizes the classical information capacity in noisy channels.
In order to dierentiate between nonorthogonal states one can optimize a state-determining measure over
all POVMs, or positive operator valued measures. In [Holevo 1973], the author gives a systematic treatment
of quantum statistical decision theory based on POVM. Necessary and sucient conditions are given for
optimality. Moreover the notion of maximum-likelihood measurement is introduced.
When trying to minimize the error in measurement over all possible POVM’s we are led to the quantum
error probability, also known asHelstrom bound [Helstrom 1976]. This limit leads to a criterium of quality when
discriminating between the transmitted nonorthogonal states.
For an on-o keyed alphabet (the pair formed by the Fock vacuum and an arbitrary coherent state) where
the state discrimination is based on direct photon-counting, a discrimination error can occur when no pho-
tons are detected due to vacuum fluctuations. The discrimination error probability in this case is called the
shot-noise-error probability (sometimes called standard quantum limit), it is always higher than the Helstron
bound and is inversely proportional to the exponential of the average number of photons. Surpassing the shot
noise in order to achieve the Hesltrom bound is an important subject of study in numerous works related to
optical coherent state discrimination [Cook et al 2007, Tsujino et al 2011, Becerra et al 2013, Kunz et al 2019,
Sych & Leuchs 2016, DiMario et al 2019].
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A series of experimental and theoretical works using standardCS, i.e., Glauber-Sudarshan coherent states (or
GS-CS) as nonorthogonal states were published, see [Cook et al 2007, Gazeau 2009] and references therein,
for instance. On the one hand, GS-CS describe ideal lasers, on the other hand exhibit important mathematical
properties. These are eigenstates of the annihilation operator in Fock Hilbert space and yield a Poissonian
number distribution. In fact, real lasers are known to be better represented by states which are almost or non-
Poissonian distributions [Perina 1984, Perina 1994]. Deviation from Poissonian statistics is also a consequence
of non-linear eects in photons production. It is therefore important to study the mathematical and physical
properties of “generalized” coherent states that exhibit both coherent and nonlinear behaviours. We should
also mention recent results showing how using non-standard CS greatly enhances sensitivities of gravitational
waves detectors, for both LIGO [Tse et al 2019] and VIRGO [Acernese et al 2019].
The present study concerns a class of non standard coherent states (the so-called “AN-CS”) whichwas intro-
duced in [Gazeau 2019] and which encompasses most of the known generalisations of the Glauber-Sudarshan
CS. They are denoted by |α ; h〉. We explore some of their statistical properties in terms of photon detection
and examine if it is possible to lower the Helstrom bound in comparison with the GS-CS. This program was
initiated by two of us in the article [Curado et al 2010], and we intend to pursue it with the present work.
We have judged sucient to restrict our study to the simplest case of the overlap |〈α ; h|0〉| with the vacuum,
since the GS-CS’s themselves exhibit the well-known property |〈α |α ′〉| = |〈α − α ′ |0〉|. We show that several
non standard CS do indeed allow to decrease and even vanish the Helstrom limit in some regimes (for a given
mean photons number), and this is the main outcome of our study.
In Section 2 we give a short overview of the Helstrom bound in binary communication based on POVM
quantum measurement, and its value when we deal with GS-CS in the cases of perfect and imperfect detec-
tion. In Section 3 we recall the definition of the above mentioned AN-CS class of non standard coherent
states [Gazeau 2019] and their most relevant statistical features, particularly in terms of the Mandel parameter,
needed for implementing the present study devoted to the Helstrom bound. In Section 4 we examine the
Helstrom bound for binary communication involving the vacuum and an arbitrary state in the AN-CS class,
for both perfect and imperfect detections. In Section 5 we apply the above formalism to the so-called non-
linear coherent states, a particular set of AN-CS. We examine in Section 6 the cases of SU(2) and SU(1, 1)
coherent states viewed as optical CS and unveil unexpected aspects of these states within the framework of
quantum optics. In particular, we consider as quite appealing from a physical point of view our interpre-
tation of SU(2), i.e., spin, coherent states as a natural approximation of the Glauber-Sudarshan CS when
the length of the beam is finite, which is actually always the case. We proceed in Section 7 with a simi-
lar study for non-linear CS built from deformed binomial distributions introduced in a series of works by
two of us [Curado et al 2012, Bergeron et al 2012, Bergeron et al 2013]. Section 8 is devoted to the study of
the Susskind-Glogower CS (see [Moya-Cessa and Soto-Eguibar 2011] and references therein) and a modified
4 LOWERING HELSTROM BOUND WITH NON-STANDARD COHERENT STATES
version that we introduce in this paper. We then conclude in Section 9 with a discussion about experimental
and further theoretical possibilities oered by our results.
2. HESTROM BOUND IN BINARY COMMUNICATION
2.1. Definition. Let us consider a sender using nonorthogonal states as codewords, while the receiver exe-
cutes a quantum measurement,M , on the channel in order to find out which state was sent. The measurement
M is set through a POVM defined by a complete (i.e., countable) set of positive operators [Peres 1995] that do
resolve the identity,
(2.1)
∑
i
Mi = 1 Mi ≥ 0 ,
where i stands for all possible outcomes.
Dealing with binary communication, there are two quantum measurement, M0,M1 and the POVM reso-
lution of unity then reads M0 +M1 = 1. The receiver can choose among two hypotheses: i) the transmitted
state is ρ0 for when the measurement outcome correlates withM0, ii) the transmitted state is ρ1, if the outcome
corresponds to M1.
An error might occur when there is a possibility for the receiver to measure one state while the sender
actually had sent the other state. With binary communication there are two possible errors, these go with the
following conditional probabilities:
(2.2) p(M0 |ρ1) = tr[M0ρ1] = tr[(I −M1)ρ1] , p(M1 |ρ0) = tr[M1ρ0] .
Now, the total error probability reads
(2.3) p[M0,M1] = ξ0p(M1 |ρ0) + ξ1p(M0 |ρ1) , ξ0 + ξ1 = 1 ,
with ξ0 = p(ρ0) and ξ1 = p(ρ1) standing for the classical probabilities that the sender might send ρ0 and ρ1,
respectively; they encode the prior knowledge of the receiver about the sender chosen states. In many cases
one uses ξ0 = ξ1 = 1/2.
Minimizing the receiver measurement error over M0 and M1 yields the Helstrom bound, or quantum error
probability,
(2.4) PH ≡ min
M0,M1
p[M0,M1] .
This is the smallest physically permitted error probability, given that the states ρ0 and ρ1 overlap.
Using pure states, ρ0 = |Ψ0〉〈Ψ0 | and ρ1 = |Ψ1〉〈Ψ1 |, the Helstrom bound can be written as,
(2.5) PH =
1
2
(
1 −
√
1 − 4ξ0ξ1 |〈Ψ1 |Ψ0〉|2
)
.
The details can be found in [Gazeau 2019], for instance. Notice that, as would be expected, the quantum error
vanishes for orthogonal states, i.e., 〈Ψ1 |Ψ0〉 = 0.
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2.2. Helstrom Bound with Glauber-Sudarshan Coherent States.
2.2.1. Perfect detection. Light beams can be used as carriers of information in quantum communication. The
Glauber-Sudarshan Coherent States (GS-CS) (also called linear or standard) are defined as the superposition
of photon number states |n〉 given by
(2.6) |α〉 := e− |α |
2
2
∞∑
n=0
αn√
n!
|n〉 , where α ∈ C .
They overlap as
(2.7) 〈α |α ′〉 := e− |α |
2
2 − |α
′ |2
2 +α¯ α
′
= e iIm(α¯ α
′)e−
|α−α ′ |2
2 .
For an alphabet of two GS-CS given by
(2.8) ρ = |α〉〈α | , ρ ′ = |α ′〉〈α ′ | ,
we have from (2.7)
(2.9) tr (ρρ ′) = |〈α |α ′〉|2 = e−|α−α ′ |2 = |〈α − α ′ |0〉|2 .
As was pointed out in the introduction, this property of the GS-CS allows to restrict our study to an alphabet
of two GS-CS given by
(2.10) ρ0 = |0〉〈0| , ρ1 = |α〉〈α | ,
for which
(2.11) |〈α |0〉|2 = e−|α |2 .
Now the quantity u = |α |2 is precisely the average value of the number operator Nˆ = ∑∞n=0 n |n〉〈n |, i.e. the
mean value of number of photons in the CS |α〉,
(2.12) n¯ = 〈α |Nˆ |α〉 =
∞∑
n=0
n
une−u
n!
= u .
Note that u can also be viewed as the mean value of the random variable n with the Poissonian probability
distribution
(2.13) n¯ =
∞∑
n=0
nPn(u) Pn(u) = |〈α |n〉|2 = e−u u
n
n!
.
Hence (2.11) becomes
(2.14) |〈α |0〉|2 = e−n¯ ,
and the quantum error probability reads in this case
(2.15) PH =
1
2
(
1 −
√
1 − 4ξ0ξ1e−n¯
)
≡ PH(n¯) .
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2.2.2. Imperfect detection. In practice, only a fraction η of the photons reaching a photo-counter leads to a
count. The parameter η ∈ [0, 1] is called the eciency parameter. For imperfect detection (η < 1), the binomial
distribution allows to compute the probability Pn(u;η) to detect n-photons as a function of η. Sub-unity
photodetector eciency yields a photon-count which is linked to the perfect (η = 1) photon distribution
Pm(u) = Pm(u;η = 1) through a Bernoulli transformation [Loudon 1973]:
(2.16) Pn(u;η) =
∞∑
m=n
(
m
n
)
ηn (1 − η)m−n Pm(u;η = 1).
The GS-CS’s exhibit the useful property that non-unit quantum eciency corresponds to a perfect detector
equipped with a beam-splitter having a transmission coecient η ≤ 1. In fact, since one has the Poisson
distribution for GS coherent states and an ideal detector, (2.13), replacing m by s = m − n in the summation
(2.16) leads to
(2.17) Pn(u;η) = η
nun
n!
e−ηu =
(ηu)n
n!
e−ηu = Pn(ηu) .
In other words, one can “hide” the imperfection of the detector into an eective state by changing
(2.18) α → √ηα .
This amounts to replace the previous setup based on the alphabet {|0〉, |α〉} and an imperfect detector (η < 1)
with a new one based on {|0〉, |√ηα〉} and a perfect detector [Geremia 2004]. Then, the overlap of the new
alphabet reads
(2.19)
〈√ηα |0〉2 = e−ηn¯ ,
where ηn¯ is equal to the mean photon number given by the modified probability distribution (2.17).
(2.20) n¯η =
∞∑
n=0
n Pn(u;η) = ηu = ηn¯ .
This allows to write down the Helstrom bound (2.5) for the imperfect case as
(2.21) PH(n¯;η) = 12
(
1 −
√
1 − 4ξ0ξ1e−n¯η
)
.
This indicates that there is always a non-zero quantum error probability with GS-CS.
3. A CLASS OF NON STANDARD COHERENT STATES IN QUANTUM OPTICS: THE AN-CS
Most of the generalisations of GS-CS encountered in quantum optics or quantum mechanics are coherent
states in the AN class (AN for “αn”) [Gazeau 2019]. These “AN-CS” are one-mode Fock states of the form;
(3.1) |α ; h〉 =
∞∑
n=0
αn hn(|α |2)|n〉 ,
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where the complex α lies in the open disk DR of radius R, |α | < R, with R being finite or infinite. The sequence
h := (hn) , n = 0, 1, 2, . . . of real-valued functions
(3.2) [0,R2) 3 u := |α |2 7→ hn(u)
is requested to obey the three fundamental conditions:
∞∑
n=0
un (hn(u))2 = 1, (normalisation 1) ,(3.3)
[0,R2) 3 u 7→ n¯h(u) :=
∞∑
n=0
nun (hn(u))2 is strictly increasing ,(3.4)
∃w : [0,R2] → R+ such that
∫ R2
0
duw(u)un (hn(u))2 = 1, (normalisation 2) ,(3.5)
where w is a weight function.
Note that the GS-CS’s are the particular case
(3.6) hn(u) = e
−u/2
√
n!
, w(u) = 1 , R = ∞ .
A finite summation in (3.1) due to hn = 0 for n larger than some nmax might be considered in the present study.
In this case we consider as Hilbert space the finite dimensional Hilbert space spanned by the orthonormal basis
({|n〉})nmaxn=0 . Spin CS’s in Subsection 6.1 are an illustration of this case.
In the infinite sum case, special conditions are to be imposed on the sequence of functions hn in order to
insure the convergence of series (3.3) for all 0 ≤ u < R2 and integrals (3.5) for all n.
Condition Eq. (3.3) means that the vectors (3.1) are normalised states of a Fock Hilbert space formed by the
number states. This yields a probability distribution on N
(3.7) n 7→ Phn(u) = |〈α ; h|n〉|2 = un (hn (u))2
where u is now a parameter. This is exactly the probability of registering n photons with a measuring ideal
device, i.e., having maximal eciency (η = 1) when the light beam is in the non standard coherent state |α ; h〉.
Condition Eq. (3.4) expresses that the expected value
(3.8) 〈α ; h|Nˆ |α ; h〉 =
+∞∑
n=0
nPhn(u) ≡ n¯h(u)
of the number operator in AN-CS is a one-to-one relation with u and so can be inverted.
Condition Eq. (3.5) implies the resolution of the identity in the same Fock space:
(3.9)
∫
DR
d2α
pi
w
(
|α |2
)
|α ; h〉〈α ; h| = 1 .
This property holds because of the orthonormality relations
(3.10)
∫
DR
d2α
pi
w
(
|α |2
)
α¯n
′
αnhn′
(
|α |2
)
hn
(
|α |2
)
= δnn′
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stemming from Fourier angular integration on the argument of α and the kind of moment problem solved by
(3.5). The latter allows us to interpret the map
(3.11) α 7→ Phn
(
|α |2
)
as an isotropic probability distribution, with parametern, on the disk DR , equippedwith themeasurew
( |α |2) d2α
pi
.
Equivalently, the map
(3.12) [0,R2) 3 u 7→ Phn(u)
is a probability distribution on the interval [0,R2) equipped with the measure w(u)du.
The average value (3.8) of the number operator might be interpreted as the intensity (or energy if multiplied
by ~ω) of the quantum radiation (monochromatic) in the state |α ; h〉. Thus, an optical phase space related to
this “AN-CS radiation” might be constructed through the map
(3.13) DR 3 α 7→ ζα =
√
n¯h
( |α |2) e i argα ∈ C .
The fluctuations of the number of photons about its mean value are quantified in terms of the standard
deviation
(3.14) ∆nh(u) =
√
n2h − (n¯h)2 , n2h(u) =
∑
n
n2Phn(u) .
The distribution n 7→ Phn(u) is then classified as: sub-Poissonian for ∆nh <
√
n¯h, Poissonian for ∆nh =
√
n¯h
and super-Poissonian for ∆nh >
√
n¯h. The deviation of Phn(u) from the Poisson distribution, is conveniently
measured with theMandel parameter QhM . The latter is defined as
(3.15) QhM (u) :=
n2h − (n¯h)2
n¯h
− 1 ,
and it is clear to see that it should be larger than or equal −1. At a given u the distribution Phn(u) is respectively
Poissonian if QhM (u) = 0, sub-Poissonian if QhM (u) < 0, and super-Poissonian if QhM (u) > 0. Actually, due to the
bijective relation between u and n¯ according to Assumption (3.4), we will preferably analyse the behaviour of
the Mandel parameter in function of the physical n¯:
(3.16) Q˜hM (n¯) = QhM (u(n¯)) .
4. HELSTROM BOUND FOR STATES IN THE AN-CLASS VERSUS GS-CS
4.1. Perfect detection. The Helstrom bound (HB) for an alphabet composed of pure states depends only on
the overlap between them, as it is obvious from (2.5). If one wishes to lower the HB in comparison with the
HB 2.15 involving GS-CS, it is necessary to lower the overlap of the two involved states. For this reason we
are interested in states with a non-Poissonian photon distribution. Since our objective is to compare their
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corresponding HB with (2.15) and (2.21), we restrict our study to the overlap between the vacuum and an
arbitrary AN-CS. Accordingly, for an alphabet of two AN-CS’s given respectively by
(4.1) ρ0 = |0; h〉〈0; h| , ρ1 = |α ; h〉〈α ; h| ,
the modulus squared of the overlap reads
(4.2) |〈α ; h|0; h〉|2 = (h0(u))2 .
Then the corresponding HB reads,
(4.3) PhH =
1
2
(
1 −
√
1 − 4ξ0ξ1 (h0(u))2
)
.
Comparing two Helstrom bounds is physically meaningful only if one views them as a function of the average
number of photons n. This is made possible thanks to Condition (3.4) which allows us to express unambigu-
ously the inverse function n¯ 7→ uh(n¯) from Eq. (3.8). Hence, PhH in Eq. (4.3) can be written as a function of
n¯
(4.4) n¯ 7→ PhH(n¯) =
1
2
(
1 −
√
1 − 4ξ0ξ1
(
h0
(
uh(n¯)) )2) .
Comparing this HB with the standard one given by (2.15) amounts to study the function
(4.5) ∆h(n¯) :=
(
h0
(
uh(n¯)
))2 − e−n¯ .
Indeed, we have
(4.6) ∆h(n¯) S 0⇐⇒ PhH(n¯) S PH(n¯) .
4.2. Imperfect detection. In the case of imperfect detection, the probability Phn(u;η) to detect n-photons
using a non-perfect detector (η < 1) is given in terms of the (perfect detector) probability, Phm(u) = Phm(u;η = 1),
through the Bernoulli transformation (2.16)
(4.7) Phn(u;η) =
∞∑
m=n
(
m
n
)
ηn (1 − η)m−n Phm(u;η = 1)
This transformation has the following important property. The mean value of a function n 7→ φ(n) with
respect to the above distribution is given by:
(4.8) φ(n)(u;η) =
+∞∑
n=0
φ(n) Phn(u;η) =
+∞∑
n=0
〈φ〉n;η Phn(u;η = 1) ,
where 〈·〉n;η is the mean value with respect to the binomial distribution with parameter η and for n trials,
(4.9) 〈φ〉n;η =
n∑
k=0
(
n
k
)
ηk (1 − η)n−k φ(k) .
For the number function, φ(k) = k, 〈φ〉n;η = ηn, and we end up with the simple expression
(4.10) n¯(u;η) = ηn¯(u;η = 1) ≡ ηn¯(u) .
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There results that the only change we have to do in the expression (4.5) and the inequalities (4.6) is to replace
n¯ with ηn¯:
(4.11) ∆h(ηn¯) :=
(
h0
(
uh(ηn¯)
))2 − e−ηn¯ ,
and
(4.12) ∆h(ηn¯) S 0⇐⇒ PhH(ηn¯) S PH(ηn¯) .
It is clear from the above that the behavior of the Helstrom bound with regard to the GS-CS case is not η-
dependent. Note that the relation (4.10) reduces to the rescaled α parameter (2.19) in the case of the standard
GS-CS.
5. HELSTROM BOUND WITH “NON-LINEAR” COHERENT STATES
We define non-linear CS (NL-CS) as AN-CS for with functions hn(u) assuming the deformed Poissonian
form
(5.1) hn(u) = λn√
N(u)
≡ 1√
N(u)
1√
xn !
, x0! := 1 , xn ! := x1x2 · · · xn ,
where the λn ’s form a strictly decreasing sequence of positive numbers,
(5.2) λ := (λn)n∈N , λ0 = 1 ,
i.e., the xn ’s, xn :=
(
λn−1
λn
)2
, form the strictly increasing sequence
(5.3) χ := (xn)n∈N , 0 = x0 < x1 < x2 · · · xn < xn+1 < · · · .
The functionN(u) is the generalized exponential with radius R2,
(5.4) N(u) =
∑
n
λ2nu
n =
∑
n
un
xn !
,
The corresponding NL-CS read
(5.5) |α ;λ〉 = |α ; χ 〉 = 1√
N
( |α |2)
∑
n
λnα
n |n〉 = 1√
N
( |α |2)
∑
n
αn√
xn !
|n〉 .
Here, for the sake of simplicity, we drop subscript h or λ or χ . The normalisation condition (3.5) is fulfilled if
there exists a weight w(u) solving the Stieltjes moment problem [Akhiezer 1965] for the sequence (xn !)n∈N,
(5.6) xn ! =
∫ R2
0
du
w(u)
N(u) u
n .
The detection probability follows the deformed Poisson distribution:
(5.7) n 7→ Pn(u) = |〈α ; χ |n〉|2 = 1
N(u)
un
xn !
.
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The average value n¯ of the number operator, as a function of u = |α |2, is given by
(5.8) n¯(u) = 〈α |Nˆ |α〉 = uN
′(u)
N(u) = u
d logN(u)
du
.
The above relation imposes that
(5.9) N′(u) > 0 ,
i.e.,N(u) is strictly increasing fromN(0) = 1 over R+.
Now, Condition (3.4) imposes a further relation on nonlinear CS:
(5.10)
dn¯
du
=
(
d
du
+ u
d2
du2
)
lnN(u) > 0.
The expected value n2 is given by
(5.11) n2(u) = u
N(u)
d
du
u
d
du
N(u) ,
and the Mandel parameter QM (u) reads
(5.12) QM (u) = u
(
N′′(u)
N′(u) −
N′(u)
N(u)
)
= u
d
du
ln
(
d
du
lnN(u)
)
.
Let us put
(5.13) N(u) = eF (u) , F (0) = 0 .
Since for u > 0, 0 < N′(u) = F ′(u)eF (u), we have F ′(u) > 0 for u > 0, i.e. F (u) is strictly increasing over R+
from F (0) = 0. Note that F ′(u) = n¯(u)
u
. In term of F , the Mandel parameter assumes the simpler form:
(5.14) QM (u) = u F
′′(u)
F ′(u) = u
d
du
ln F ′(u) .
In this case, (5.10) leads to u
F ′′
F ′
= u
d ln F ′
du
> −1 , which is consistent with the known lower bound onMandel
parameter. Hence, the NL-CS (5.5) are Poissonian if and only if F ′′(u) = 0 for all u ∈ R+, i.e. if they are the
GS-CS. They are sub-Poissonian (resp. super-Poissonian) at u if F ′′(u) < 0 (resp. > 0).
Finally, applying the expression (4.5) to compare the Helstrom Bounds between the above NL-CS (5.5) and
the GS-CS leads to
(5.15) P χH(n¯) S PH(n¯) ⇐⇒ ∆(n¯) = e−F (u(n¯)) − e−n¯ S 0⇐⇒ n¯ S F (u(n¯)) .
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6. MANDEL PARAMETER AND HELSTROM BOUND FOR SELECTED NL-CS FAMILIES
6.1. Spin CS as optical CS. This set of states derives from the Gilmore or Perelomov SU(2)-CS, also called
spin CS [Perelomov 1972, Perelomov 1986], adapted to the context of quantum optics. The Fock space reduces
to the finite-dimensional subspaceHj , with dimension nj+1 := 2j+1, j being a positive integer or half-integer.
They are defined through (3.1) and (5.1) with
(6.1) hn(u) = λn (1 + u)−
nj
2 , λn =
√(
nj
n
)
,
(
nj
n
)
=
nj !
n!(nj − n)! , xn =
n
nj − n + 1 ,
for n ∈ [0,nj ]; hn>nj (u) = 0. The corresponding generalised exponential is the binomial
(6.2) N(u) = (1 + u)nj ,
and the related NL-CS read as
(6.3) |α ;nj 〉 =
(
1 + |α |2
)−nj2 nj∑
n=0
√(
nj
n
)
αn |n〉 .
They resolve the unity in Hnj in the following way:
(6.4)
nj + 1
pi
∫
C
d2α
(1 + |α |2)2 |α ;nj 〉〈α ;nj | = 1 .
The detection probability follows the binomial distribution:
(6.5) n 7→ Pn(u) = (1 + u)−nj
(
nj
n
)
un .
The number operator average value then reads
(6.6) n¯(u) = nj u1 + u ⇔ u =
n¯/nj
1 − n¯/nj ,
which is depicted in Figure 1 for nj = 4 and 10. The probability (6.5) is thus expressed in terms of p := n¯/nj as
(6.7) Pn(u) ≡ P˜n(p) =
(
nj
n
)
(1 − p)nj−n pn .
As a consequence one can build an optical phase space as the open disk of radius √nj ,
D√nj =
{
ζα =
√
n¯
( |α |2)e i argα , |ζα | < √nj} .
In terms of photon statistics, the physical interpretation of the binomial distribution together with nj is
decidedly clear when considering a beam of light which is perfectly coherent and has constant intensity. For
a beam of a finite length L which is divided in nj parts of length L/nj , P˜n(p) stands for the probability to find,
in any possible order, one photon in n segments and no photon in the remaining (nj −n) segments [Fox 2006].
A more general interpretation of the above distributions (6.5) and (6.7) can be found in [Ali et al 2008].
Note that the GS-CS derive from the above states in the limit nj → ∞. This goes throughout a contrac-
tion process which consists in rescaling the complex variable α through α 7→ √nj α . As a consequence the
distribution P˜n(p) reduces to (2.13).
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By applying (5.14) with F (u) = nj ln(1+u), the expression of the Mandel parameter (as a function of u or as
a function of n¯) is independent of j and is given by
(6.8) QM (u) = − u1 + u ⇔ Q˜M (n¯) = −
n¯
nj
.
Hence, states (6.3) are always sub-Poissonian, as shown in Figure 1. This fundamentally quantum feature is
easily understood since they are built from a finite number of photons.
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FIGURE 1. Photon statistics for optical spin CS (6.3) with nj = 4 and 10. These states are always
sub-Poissonian. Left figure: Average value of photons as a function of u. Right figure: Mandel
parameter Q˜M (6.8) as a function of n¯.
Concerning the Helstrom bound, we examine the expression (4.5) in the present case:
(6.9) ∆(n¯) =
(
1 − n¯
nj
)nj
− e−n¯ .
From the Bernouilli-like inequality
(6.10) (1 + x)r ≤ erx ,
valid for any r > 0 and any real x , we infer that ∆(n¯) ≤ 0 for any n¯ and j. Hence the spin CS Helstrom bound
is lower than the GS-CS Helstrom bound for any value of u = |α |2, see Figure 2. This is a remarkable result
which confirms their deep quantum nature.
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FIGURE 2. Helstrom bounds are plotted for GS-CS and spin CS with nj = 4 and 10. The spin
SC Helstrom bound is slightly lower, for any value n¯ ≤ nj . Left: Helstrom bound as function
of n¯. Right: Delta function, (6.18) versus n¯.
6.2. SU(1, 1)-CS as optical CS. The application in quantum optics of coherent states built from represen-
tations of the non-compact group SU(1, 1) lying in the discrete series has been carried out by various au-
thors, see for instance the noticeable papers by Wodkiewicz and Eberly [Wodkiewicz-Eberly 1985], Gerry
[Gerry 1987], Brif [Brif 1995]. See also in [Hach et al 2016, Hach et al 2018] (and references therein) the
interesting properties revealed by such states when they are entangled.
6.2.1. Perelomov CS. This set of states derives fromPerelomov SU(1, 1)-CS [Perelomov 1972, Perelomov 1986],
here again adapted to the context of quantum optics. They emerge through the unitary action of SU(1, 1) on
number states. This leads to an infinite-dimensional Fock Hilbert space Hwith α constrained to the open
disk, D := {α ∈ C , |α | < 1}. When the Fock state is the vacuum and ϰ > 1/2, the Perelomov ϰ-dependent
CS are the following NL-CS:
(6.11) |α ; ϰ〉Per =
∞∑
n=0
αn hn
(
|α |2
)
|n〉 , hn(u) = λn(1 − u)ϰ , λn =
√(
2ϰ − 1 + n
n
)
, xn =
n
2ϰ − 1 + n .
The corresponding generalised exponential is the binomial (also called q-exponential in dierent contexts, see
[Bergeron et al 2012] and references therein):
(6.12) N(u) = (1 − u)−2ϰ .
They solve the identity:
(6.13)
2ϰ − 1
pi
∫
D
d2α(
1 − |α |2)2 |α ; ϰ〉PerPer〈α ; ϰ | = 1 .
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This results in a negative binomial distribution, [Ali et al 2008],
(6.14) n 7→ Pn(u) = (1 − u)2ϰ
(
2ϰ − 1 + n
n
)
un .
While the number operator average value takes the form
(6.15) n¯(u) = 2ϰ u
1 − u ⇔ u =
n¯/2ϰ
1 + n¯/2ϰ .
Note that introducing the eciency η :=
1
2ϰ
∈ (0, 1) allows to express the probability (6.14) as a function of
the scaled average photocount number N¯ := ηn¯,
(6.16) Pn(u) ≡ P˜n(N¯ ) = (1 + N¯ )−1/η
(
1/η − 1 + n
n
) (
N¯
1 + N¯
)n
.
This distribution has a notable property to reduce to Bose-Einstein distribution at the bound η = 1, which
corresponds to the limit ϰ = 1/2 of SU(1, 1) discrete series. At sub-unit eciency, η < 1, i.e. ϰ > 1/2,
deviation from the Bose-Einstein distribution can be interpreted as resulting from using the scaled average
value N¯ (detected photons) in place of the mean value n¯ of photons eectively reaching the detector (not all
detected) [Fox 2006, Aharonov et al 2011].
Then, applying (5.14) with (6.12), i.e., F (u) = −2ϰ ln(1 − u), provides the Mandel parameter,
(6.17) QM (u) = u1 − u ⇔ Q˜M (n¯) =
n¯
2ϰ
.
It follows that contrarily to the previous case the states (6.11) are super-Poissonian. This result could be ex-
pected from the above discussion about their thermal nature. The functions n¯(u) and Q˜M (n¯) are plotted in
Figure 3 for ϰ = 2 and 5.
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FIGURE 3. Photon statistics for Perelomov SU(1, 1)-CS with ϰ = 2 and 5. These states are
always super-Poissonian. Left: Average value of photons n¯ as a function of the parameter u
(6.15). Right: Mandel parameter Q˜M (6.17) as a function of n¯.
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Concerning the Helstrom bound, (4.5) becomes here
(6.18) ∆(n¯) =
(
1 +
n¯
2ϰ
)−2ϰ
− e−n¯ .
Applying the inequality (6.10) yields ∆(n¯) ≥ 0 for any n¯ and κ. Note that ∆(n¯) → 0 as ϰ → ∞. Contrarily to
the Perelomov spin SU (2) CS above, the Helstrom bound is now larger than the GS-CS Helstrom bound for
any value of u = |α |2, this is clearly shown in Figure 4. Here again, this result could be expected due to the
“classical” thermal nature of the Perelomov SU(1, 1) coherent states.
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FIGURE 4. Helstrom bounds for GS-CS and Perelomov SU(1, 1)-CS, with ϰ = 2 and 5, are
compared. This latter states perform better than the former ones. Left: The Helstrom bound
PhH (4.3), for GS-CS and Perelomov SU(1, 1)-CS. Right: The function ∆h(n¯) (6.18).
6.2.2. Barut-Girardello CS. This set of nonlinear CS [Barut-Girardello 1971, Antoine et al 2001] belongs to
the AN class. These are eigenstates of the lowering operator of SU(1, 1) in the discrete series representation
U ϰ, with ϰ > 1/2. The related Fock space H is also infinite whereas α is allowed to assume any value in C.
(6.19) |α ; ϰ〉BG =
∞∑
n=0
αn hn
(
|α |2
)
|n〉 , hn(u) = λn√
NBG(u)
, λn =
√
Γ(2ϰ)
n!Γ(2ϰ + n) =
1√
xn !
,
with xn = n(2ϰ + n − 1), and
(6.20) NBG(u) = Γ(2ϰ)
∞∑
n=0
un
n!Γ(2ϰ + n) = Γ(2ϰ)u
1/2−ϰ I2ϰ−1(2
√
u) .
Here Iν is a modified Bessel function of a first kind [Magnus et al 1966],
(6.21) Iν (z) =
(z
2
)ν ∞∑
n=0
(
z2
4
)n
n! Γ(ν + n + 1) .
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In this case the solution to the moment problem (5.6) reads as
(6.22)
∫ ∞
0
duwBG(u) u
n
NBG(u) = xn ! , wBG(u) =NBG(u)
2
Γ(2ϰ) u
ϰ−1/2 K2ϰ−1(2
√
u) ,
with Kν being the second modified Bessel function. This naturally leads to the resolution of the identity:
(6.23)
∫
C
d2α
pi
wBG
(
|α |2
)
|α ; ϰ〉BGBG〈α ; ϰ | = 1 .
The associatedmean values (5.8) and (5.11), and theMandel parameter have been calculated in [Antoine et al 2001],
together with their asymptotic behavior at large u. They read respectively:
(6.24) n¯(u) = √u I2ϰ(2
√
u)
I2ϰ−1(2√u)
≈
largeu
√
u − ϰ + 1
4
+ O
(
1√
u
)
and ≈
smallu
u
2ϰ
(
1 − u
2ϰ (1 + 2ϰ)
)
,
(6.25) n2(u) = n¯(u) + u I2ϰ+1(2
√
u)
I2ϰ−1(2√u)
≈
largeu
u + (1 − 2ϰ)√u ≈
smallu
u
2ϰ
(
1 − (1 − 2ϰ)u
2ϰ (1 + 2ϰ)
)
,
(6.26)
QM (u) =
√
u
[
I2ϰ+1(2√u)
I2ϰ(2√u)
− I2ϰ(2
√
u)
I2ϰ−1(2√u)
]
≈
largeu
−1
2
+
1
16
(−3 + 16ϰ − 16ϰ2)
√
1
u
and ≈
smallu
− u
2ϰ (1 + 2ϰ) .
Thus, the asymptotic behavior at large u of the mean square error reads (∆n)2 ≈ √u/2. Moreover, it follows
from the inequality (Iν+1(x))2 ≥ Iν (x) Iν+2(x) for all x ≥ 0 that contrarily to the previous Perelomov SU(1, 1)
case, the states (6.19) are sub-Poissonian. The function n¯(u) and theMandel parameter for the Barut-Girardello
SU(1, 1) CS, with parameters ϰ = 1/2, 2, 5, are shown in Figure 5.
As to the Helstrom bound, (4.5) becomes here
(6.27) ∆(n¯) =
[
Γ(2ϰ) (u(n¯))1/2−ϰ I2ϰ−1
(
2
√
u(n¯)
)]−1 − e−n¯ = ∆˜(n¯)
en¯ Γ(2ϰ) (u(n¯))1/2−ϰ I2ϰ−1
(
2
√
u(n¯)
) ,
where
(6.28) ∆˜(n¯) := en¯ − Γ(2ϰ) (u(n¯))1/2−ϰ I2ϰ−1(2
√
u(n¯)) .
Helstrom bounds (PhH (n¯) and ∆h(n¯)) for GS-CS and Barut-Girardello SU(1, 1) CS are compared in Figure 6.
Like for the spin CS, we notice that the Helstrom bound is lower than the GS-CS Helstrom bound for any
value of u = |α |2.
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FIGURE 5. Photon statistics for Barut-Girardello SU(1, 1) CS with ϰ = 1/2, 2 and 5. Left: Av-
erage value of photons n¯ as a function of the parameter u. Right figure: The Mandel parameter
Q˜M as a function of n¯ is always negative, which makes the present states sub-Poissonian.
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FIGURE 6. Left: The Helstrom bounds for GS-CS and Barut-Girardello SU(1, 1) CS, with
ϰ = 1/2, 2 and 5, are compared. Right: Delta function (6.28). We notice that the dierence of
the Helstrom bounds increases as ϰ decreases.
7. NL-CS FROM DEFORMED BINOMIAL DISTRIBUTIONS
We now turn our attention to an important subclass of the non-linear coherent states (5.5) associated with
a sequence χ of positive numbers xn for n > 0 and x0 = 0. Their construction is based on the deformation
of the binomial distribution which was used in the Bernouilli transform (2.16) in order to take into account
the imperfection of the detection encoded by the parameter η. The rationale behind such deformations was
to keep the property (2.17) enjoyed by the GS-CS’s, for which imperfect detection amounts to replace α by
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√
ηα (2.18), while the deformed binomial expression is a well defined probability distribution. This means
that we examine this replacement as an alternative to the change n¯ 7→ ηn¯ in (4.10) – note that the latter is not
equivalent to (2.18). This aim was at the origin of the series of works [Curado et al 2010], [Curado et al 2012],
[Bergeron et al 2012], [Bergeron et al 2013], where two of us were involved. We distinguish between asym-
metric and symmetric deformations of the binomial distribution.
7.1. Asymmetric deformations. From the sequence χ = (x0,x1, . . . ,xn , . . . ), x0 = 0 and xn > 0 for n > 0,
we build the formal normalised distribution
(7.1) p(n)k (η) =
xn !
xn−k !xk !
ηk pn−k (η) ,
n∑
k=0
p
(n)
k (η) = 1 .
The polynomials ps (η) satisfy ps (0) = 1, ps (1) = 0, for all s, and the sequence (ps )n∈N is determined by recur-
rence: p0(η) = 1 , p1(η) = 1 − η, . . . If pm(η) ≥ 0 for allm and η ∈ [0, 1], then a probabilistic interpretation is
valid, and η = 〈xk 〉n/xn . A noticeable outcome is that
(7.2) GN,η(u) := N(u)
N(ηu) =
∞∑
s=0
ps (η)u
s
xs !
, N(u) =
∑
n
un
xn !
,
is the generating function of the polynomials ps (η). This is important in order to find explicitly all sequences χ
for which the Bernouilli-like distribution (7.1) obeys the positiveness condition, i.e., it is a genuine probability
distribution. As a consequence, using an alphabet based on the NL-CS (5.5), the probability Pn(u;η) to detect
n-photons with sub-unit eciency, η < 1, is given in terms of the perfect, η = 1, detector probability (5.7),
Pm(u;η = 1) = um/(N(u)xm !), u = |α |2, by the deformed Bernoulli transform:
(7.3) Pn(u;η) =
∞∑
m=n
xm !
xm−n !xn !
ηn pm−n(η) Pm(u;η = 1) = (ηu)
n
N(ηu)xn ! .
This discrete probability distribution corresponds to the normalized states |√ηα ; χ 〉, being equivalent to the
family of non-linear coherent states defined by (5.5) through the rescaling (2.18).
One can interpret such deformation as a modification of the probability of getting k wins (photon clicks)
in a total of n events. With y0 = 0, yn = xn/n for n > 0 p(n)k (η) gives the probability to get k wins and n − k
losses, while
(7.4) pi (n)k (η)
def
=
p
(n)
k (η)(n
k
) = yn !
yn−k !yk !
ηk pn−k (η)
stands for the probability of one given string having k wins and n − k losses. Such a deformation means there
are correlations between dierent events. We call this distribution asymmetric because p(n)k (η) is not invariant
under k → n − k and η → 1 − η, as it would hold for the binomial case. Due to this asymmetry, there might
be bias in favor of either win or loss, including when η = 1/2.
A comprehensive analysis exploring generating functions to examine the positiveness condition pm(η) ≥ 0
for all m and η ∈ [0, 1] and finding the solutions was exposed in [Bergeron et al 2012]. It starts with N(u)
which gives the generating function of pk (η) through the relation (7.2). Let Σ be the set of entire series
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N(u) = ∑∞n=0 anun having a strictly positive radius of convergence and verifying the conditions a0 = 1 and
∀n ≥ 1, an > 0. Let us associate withN the sequence xn = an−1/an = nN(n−1)(0)/N(n)(0) so that an = 1/(xn !).
Next let Σ0 be the set of entire series
∑∞
n=0 anz
n having a strictly positive radius and verifying a0 = 0, a1 > 0
and ∀n ≥ 2, an ≥ 0. It was proved in [Bergeron et al 2012] that Σ+ := {N ∈ Σ | ∀η ∈ [0, 1), pn(η) > 0 } =
{eF | F ∈ Σ0} is the set of deformed exponentials with generating functionsGN,η(u) that do solve the positiveness
problem. All sequences χ with this probabilistic content are called sequences of complete statistical type, or CST.
One can add to this probabilistic interpretation of the above defined asymmetric deformed binomial distri-
bution the Poisson-like limit behaviour. Indeed, if the sequence {xn}n∈N is such that, , at fixedm, lim
n→∞
xn−m
xn
= 1,
then the limit when n →∞ of p(n)k (η), given by (7.1), with η = u/xn is equal to 1N(u) u
k
xk !
.
This allows to better comprehend the behaviour of CST sequences in comparison with natural integers. In
fact, when picking a N ∈ Σ+; its related CST sequence xn = nN(n−1)(0)/N(n)(0) verifies 0 ≤ xn ≤ nx1. We
give now two examples (see [Bergeron et al 2012] for more).
7.1.1. Example 1. Let {an}n∈N be a sequence of positive real numbers with ∑∞n=0 an < ∞. Given ζ ∈ [0, 1]
the function N(u) = ∏∞k=0(1 + ζaku)/(1 − aku) belongs to Σ+, see [Bergeron et al 2012]. One gets a simple
illustration with N(u) = (1 − au)−m = ∑∞k=0(uk )/(x (m)k !) , where a > 0. The convergence radius is 1/a, and
the the resulting sequence is equivalent, up to a variable rescaling, to the Perelemov SU(1, 1) case (6.12),
x (m)k ! = k ! (m − 1)!/ak (m − 1 + k)!, and x
(m)
k = k/(a(m − 1 + k). It is worth noting that at the limit k → ∞ all
coecients x (m)k go to the limit x
(m)
∞ = 1/a. Moreover, the resulting polynomial probabilities pk (η), 0 ≤ η ≤ 1,
are hypergeometrical pk (m;η) = 2F1(−m,−k; 1 − k −m;η). For example, with n = 2, the probability of having
two wins in a set of two trials is similar to the binomial case, yet the probability to get one win and one loss
is smaller and the probability to get two losses is higher in comparison to the binomial one. Nonetheless the
sum of all three possibilities is equal to one, as required.
7.1.2. Example 2. Another example is yielded by the function
(7.5) N(u) = exp
(
u +
a
2
u2
)
a > 0 .
The convergence radius is infinite, as for the exponential function. The associated generating function reads
GN,η(u) = exp
((1 − η)t + a2 (1 − η2)u2) . The corresponding xn ! are expressed in terms of Hermite polynomials:
(7.6) xn ! =
[
in
( a
2
)n/2
n!
Hn
( −i√
2a
)]−1
=

b n2 c∑
m=0
(a/2)m
m!(n − 2m)!

−1
.
and we have the asymptotic behavior xn ∼
√
n/a + · · · .
The average average value of number of photons is given by
(7.7) n¯(u) = u(1 + au) ⇔ u(n¯) = 1
2a
(√
1 + 4an¯ − 1
)
.
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The Mandel parameter is
(7.8) QM (u) = au1 + au ⇔ Q˜M (n¯) =
√
1 + 4an¯ − 1√
1 + 4an¯ + 1
,
and is positive for all possible values of n¯, as shown in the Fig. 7. The related states are thus all super-Poissonian,
as is the case for all NL-CS based on deformed binomial distributions, see Sec. 7.3.
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FIGURE 7. Photon statistics for Hermite polynomials CS with a = 1/2, 1 and 2. Left: n¯ as func-
tion of u. Right: Mandel parameter versus n¯. We notice that it is positive, which makes these
states super-Poissonian, as is the case for all NL-CS based on deformed binomial distributions,
see Sec. 7.3.
The function ∆h(n¯) given by (4.6) reads
(7.9) ∆(n¯) = e 14a − n¯2 − 14a
√
1+4an¯ − e−n¯ ,
and is always positive, that is the Helstrom bound is higher than for GS-CS, see Fig. 8.
7.2. Symmetric deformations. The following symmetric option was explored in [Bergeron et al 2013]:
(7.10) p(n)k (η) =
xn !
xn−k !xk !
qk (η)qn−k (1 − η),
with qk (η) being polynomials of degree k. Normalization and non-negativeness conditions constrain the
p
(n)
k (η) through
n∑
k=0
p
(n)
k (η) = 1 ∀n ∈ N, ∀η ∈ [0, 1] ,
p
(n)
k (η) ≥ 0 ∀n,k ∈ N, ∀η ∈ [0, 1] .
(7.11)
The normalization implies p(0)0 (η) = q0(η)q0(1 − η) = 1 ⇒ q0(η) = ±1, ∀η ∈ [0, 1]. Assuming q0(η) = 1 we
have p(n)0 (η) = qn(1 − η). Also the positiveness condition corresponds to the positiveness of the polynomials qn ,
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FIGURE 8. Helstrom bounds for GS-CS and Hermite polynomials CS, with a = 1/2, 1 and 2,
are compared. Left: Helstrom bounds as function of n¯ for several values of a. The Helstrom
bound is higher than GS-CS, which means that the quantum error limit is larger than for
GS-CS states, as is the case for all NL-CS based on deformed binomial distributions, see Sec.
7.3. Right: Delta function (7.9) versus n¯.
for η ∈ [0, 1]. Like for the asymmetric case, the polynomials p(n)k (η) might be interpreted as the probability to
get k wins and n − k failures in a string of n trials. In both cases there is correlation between dierent trials.
However, since the invariance under k → n − k and η → 1 − η holds as for the binomial distribution, no bias
can exist favoring either win or failure for η = 1/2.Âă
An appealing example of generating functions gives rise to binomial-type polynomials. Let us pick a xn-
generating functionN(u) ∈ Σ. Then we have
(7.12) ∀η ∈ [0, 1], G˜N,η(u) :=N(u)η =
∞∑
n=0
qn(η)
xn !
un .
Because q0(η) = 1 and ∀n , 0,qn(0) = 0, the positiveness condition implies that the functionN(u)η belongs
to Σ. Furthermore, It was proven in [Bergeron et al 2013] that ifN(u) ∈ Σ+, then the polynomials p(n)k (η) allow
a probabilitic interpretation. Moreover one finds that the expectation value of the k variable takes the simple
form 〈k〉n = ηn , as in the usual binomial case.
A first illustration of symmetric deformations is found from the Perelomov SU(1, 1) type (6.12) (up to a
rescaling of the variable) with N(u) = (1 − u/s)−s , s > 0 . This gives the sequence xn = ns/(n + s − 1)
with limn→∞ xn = s . The corresponding polynomials are qn(η) = (sη)n/(s)n , where (x)n = Γ(x + n)/Γ(x)
(Pochhammer symbol). In addition to the mean value expression 〈k〉n = ηn, the square root of the variance
(σk )n = n
√
η(1 − η)√(1 + s/n)/(1 + s) also becomes proportional to the mean value at large n.
LOWERING HELSTROM BOUND WITH NON-STANDARD COHERENT STATES 23
7.2.1. Example: The modified Abel polynomials.
(7.13) N(t) = e−βW (−u/β ) , β > 0 ,
withW being the Lambert function. The latter is defined implicitly throughW (u)eW (u) = u. It is worth noting
that if β →∞ thusN(u) → eu . This leads to a sequence which is bounded by β/e:
(7.14) xn =
nβ
n + β
(
1 − 1
n + β
)n−2
, lim
n→∞xn = β/e .
One can also notice that xn → n as β →∞. This results into the following factorials:
(7.15) xn ! = n!
βn−1
(n + β)n−1 .
The polynomials qn ’s read
(7.16) qn(η) = η
(
η + nβ
)n−1(
1 + nβ
)n−1 .
Note that q0(η) = 1 and q1(η) = η. The probability distribution (7.10) reads in this case
(7.17) p(n)k (η) =
(
n
k
)
η(1 − η) (η + k/β)
k−1(1 − η + (n − k)/β)n−k−1
(1 + n/β)n−1 .
The average value of photons and Mandel parameter are then given by
(7.18) n¯(u) = −
βW
(
−uβ
)
1 +W
(
−uβ
) , QM (u) = 1(
1 +W
(
−uβ
))2 − 1 .
The inversion u(n¯) is done here numerically in order to get the Mandel parameter and Helstrom bound as a
function of n¯. These states are super-Poissonian (see Fig. 9), and lead to a Helstrom bound higher than the
GS-CS case (see Fig. 10).
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FIGURE 9. Photon statistics for modified Abel polynomials CS with β = 2. Left: n¯ as function
of u. Right: Mandel parameter versus n¯. We notice that it is positive, which makes these states
super-Poissonian, as is the case for all NL-CS based on deformed binomial distributions, see
Sec. 7.3.
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FIGURE 10. Helstrom bounds for GS-CS and modified Abel polynomials CS with β = 2 are
compared. Left: Helstrom bounds as function of n¯. Right: Delta function (7.9) versus n¯. The
Delta function is always positive as is the case for all NL-CS based on deformed binomial
distributions, see Sec. 7.3.
7.3. Quasi-classical nature of CS associated with asymmetric and symmetric binomial deformations.
Wenow show that the above results, namely states are super-Poissonian andHB is higher compared to GS-CS,
hold for any symmetric or asymmetric deformation of the binomial law. Let us consider a generic deformed
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exponential defined through
(7.19) N(u) =
∞∑
n=0
un
xn !
,
and demonstrate that this always yields positive Mandel parameter and ∆(n¯).
Proposition 7.1. Symmetric and asymmetric binomial deformations defined through (7.1) and (7.10), respectively, lead
to super-Poissonian NL-CS.
Proof. This can easily be shown by considering the sequence {xn} generated by N(u) ∈ Σ+. Expressing N as
N(u) = eF (u) ∈ Σ+, with F (u) = ∑∞k=1 akuk , we have
(7.20) n2 − n2 − n =
∞∑
k=1
(k2 − k)akuk .
Since ∀n ≥ 2 an ≥ 0, the right-hand side of (7.20) is positive. Consequently theMandel parameterQM , defined
through (3.15), is positive. 
Proposition 7.2. IfN(u) ∈ Σ+, the NL-CS cannot optimize the Helstrom bound
Proof. In [Bergeron et al 2012] one can establish the proof from the following statements:
• For allN ∈ Σ+, lnN ∈ Σ0 and
(7.21) lnN(u) =
∞∑
k=1
(−p ′k (1))
xk !
uk
k
,
• p ′1(1) = −1 and p ′n(1) ≤ 0 .
Using (7.21) we get
(7.22) u
d
du
lnN(u) =
∞∑
k=1
(−p ′k (1))
xk !
uk .
Since u > 0, we conclude that
(7.23) lnN(u) < u d
du
lnN(u) ,
which can be written as
(7.24)
1
N(u) > e
−u ddu lnN(u) .
The expression above, once expressed in terms of n¯, leads to
(7.25) |h0(u(n))|2 > e−n .
Therefore, the ∆h function is always positive and therefore the Helstrom bound is larger than in the GS-CS
case. 
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8. MANDEL PARAMETER AND HELSTROM BOUND FOR BOTH SUSSKIND-GLOGOWER AND MODIFIED
SUSSKIND-GLOGOWER CS
Here we examine the Susskind-Glogower CS’s [Susskind-Glogower 1964] which exhibit attractive proper-
ties on dierent levels, as shown in [Montel-Moya-Cessa 2011,Montel et al 2011,Moya-Cessa and Soto-Eguibar 2011].
On the mathematical side, they are built through the action of the unitary displacement operator on the Fock
vacuum state, see for instance [Récamier et al 2008].
(8.1) R 3 x 7→ |x〉SG = DSG(x)|0〉 ≡ ex (V †−V ) |0〉 .
The operator V and its adjoint V † are the shift operators in the Fock space:
(8.2) V =
∞∑
n=0
|n〉〈n + 1| , V † =
∞∑
n=0
|n + 1〉〈n | , [V ,V †] = 1 − |0〉〈0| .
The normalised states (8.1) expand in terms of number states as:
(8.3) |x〉SG =
∞∑
n=0
(n + 1) Jn+1(2x)
x
|n〉 ,
where Jν is the Bessel function,
(8.4) Jν (z) =
(z
2
)ν ∞∑
m=0
(−1)m ( z2 )2m
m! Γ(ν +m + 1) .
Normalisation implies the interesting identity whose proof is given in the appendix of [Montel et al 2011]:
(8.5)
∞∑
n=1
n2 (Jn(2x))2 = x2 .
On the physical side, the authors of [Montel et al 2011] showed that the coherent states (8.3) may be modeled
by propagating light in semi-infinite arrays of optical fibers.
Now, the expression (8.4) can be used to extend (8.3) in a non analytic way to a complex α as
(8.6) (n + 1) Jn+1(2x)
x
7→ αn (n + 1)
∞∑
m=0
(−1)m |α |2m
m! Γ(n +m + 2) ≡ α
n hSGn (|α |2) ,
i.e.,
(8.7) hSGn (u) = (n + 1)
1
u
n+1
2
Jn+1(2
√
u) ,
and thus
(8.8) |α〉SG =
∞∑
n=0
αn hSGn (|α |2) |n〉 .
The moment equation (3.5) reads here
(8.9)
∫ ∞
0
du
w(u)
u
(
Jn(2
√
u)
)2
= 2
∫ ∞
0
dt
w(t2)
t
(Jn(2t))2 = 1
n2
,
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and appear not to have an immediate solution. On the other hand, by examining the following integral formula
for Bessel functions [Magnus et al 1966],
(8.10)
∫ ∞
0
dt
t
(Jn(2t))2 = 12n .
we are led to replace the SG-CS of (8.3) by the modified Susskind-Glogower coherent states (SGm-CS):
(8.11) |α〉SGm =
∞∑
n=0
αn hSGmn (|α |2) |n〉 , hSGmn (u) =
√
n + 1
N(u)
1
u
n+1
2
Jn+1(2
√
u) ,
with
(8.12) N(u) = 1
u
∞∑
n=1
n
(
Jn(2
√
u)
)2
=
1
u
[
2u
(
J0(2
√
u)
)2 − √u J0(2√u)J1(2√u) + 2u (J1(2√u))2] .
The formula (8.10) then can be used to demonstrate that the resolution of the identity (3.9) is satisfied for
SGm-CS |α〉SGm with w(u) =N(u).
(8.13)
∫
C
d2α
pi
N
(
|α |2
)
|α〉SGmSGm〈α | = 1 .
Mean values (5.8) and (5.11) read respectively:
(8.14) n¯(u) = 1
N(u) − 1 ,
(8.15) n2(u) = − 2
N(u) +
4
3
(2u + 1) − u
(
J0(2√u)
)2 − u (J1(2√u))2 + √u J0(2√u)J1(2√u)
3uN(u) .
For comparison, Mandel parameters for SG-CS and SGm-CS are plotted in Figure 11. It results that the
SG-CS and SGm-CS are sub-Poissonian for n¯ . 22 and n¯ . 10) respectively.
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FIGURE 11. Photon statistics for SG-CS and modified SGm-CS. Left: n¯ as function of u. Right:
Mandel parameter versus n¯. We notice that the SG-CS and SGm-CS are sub-Poissonian for
n¯ . 22 and n¯ . 10 respectively.
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As to the Helstrom bound, (4.5) becomes
(8.16) ∆(n¯(u)) =
(
J1(2√u)
)2
uN(u) − e
1−1/N(u) .
This is compared to both SG and GS coherent states in Figure 12. Astonishingly the Helstrom bounds vanishes
for some specific values of n¯ in the two cases of GS-CS and GSm-CS. Taking the logarithm makes it easier to
see for which values of n¯ the Helstrom bounds reaches zero, this happens for n¯ around two in both cases.
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FIGURE 12. Helstrom bounds for GS-CS, SG-CS and modified SG-CS are compared. Left
figure: Helstrom bound PhH (4.3), for GS-CS, SG-CS and modified SGm-CS. Right figure:
Natural logarithm of the Helstrom bound ln PhH , for GS-CS, SG-CS and SGm-CS, which
makes it easier to see for which values of n¯ the Helstrom bounds reaches zero.
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FIGURE 13. Function ∆h(n¯) for SG-CS and modified SG-CS. The Helstrom bounds for GS-CS
and GSm-CS oscillate as n¯ is varying and, actually, do also vanish for higher values of n¯. Yet
the dierence with GS-CS gets lower and so does ∆h(n¯).
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9. CONCLUSION
In this work we have examined statistical properties of various generalizations of the Glauber-Sudarshan
coherent states within the framework of Quantum Optics, namely Fock spaces of one-mode photons. In
particular we analysed the Mandel parameter and more importantly the quantum error limit, or Helstrom
bound. We have proved the classical or quasi-classical nature of a whole family of non-linear coherent states,
those based on symmetric and asymmetric deformations of the binomial distribution, in the sense that they are
super-Poissonian and do not improve the GS-CS Helstrom bound.
We have also revealed the deep quantum nature of four other families of NL-CS, namely the Perelomov Spin
CS’s, the SU(1, 1) Barut-Girardello CS’s, the Susskind-Glogower CS’s, and their modified version: they are
sub-Poissonian and improve more or less significantly the GS-CS Helstrom bound. In particular, the SG-CS’s
and SGm-CS’s turn out to exhibit an astonishing result: the Helstrom bound vanishes for some values of the
average photons number n¯, the smallest being around n¯ = 2. This means that these states are then orthogonal
to the vacuum state. Consequently it appears possible to use coherent states for binary communication with
no quantum error, nevertheless, limited to specific values of n¯.
In a parent work we will focus our attention on the modified Susskind-Glogower CS. These, unlike the
SG-CS, obeys the normalisation (3.5), which in turn implies the resolution of the identity in the Fock space
(3.9), or (8.13) in the present case. Finally, we will explore their physical feasibility and relevance in the spirit
of [Montel et al 2011].
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